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ABSTRACT: Let ࡼ ≔ (࢚)ࡼ  be a polynomial in [ࢄ]ࢆ.  In this paper, we consider the polynomial solutions of 
Diophantine equation	:ࡰ	࢝૛ − ૜૙ࢠ૛ − ૡ࢝− ૚ૡ૙ࢠ − ૛ૠ૙ = ૙. We also obtain some formulae and recurrence relations 
on the polynomial solution (ݓ௡  .ܦ  ௡) ofݖ,
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I. INTRODUCTION 
 
A Diophantine equation is a polynomial equation ܲ(ݔଵ,ݔଶ,⋯ (௡ݔ, = 0  where the polynomial ܲ  has integral 
coefficients and one is interested in solutions for which all the unknowns take integer values. For example, ݔଶ + ଶݕ =
ݔ ଶ andݖ = ݕ,3 = 4, ݖ = 5 is one of its infinitely many solutions. Another example is ݔ + ݕ = 1 and all its solutions 
are given by ݔ = ݕ,ݐ = 1 − ଶݔ passes through all integers. A third example is ݐ where ݐ + ݕ4 = 3. This Diophantine 
equation has no solutions, although note that ݔ = 0, ݕ = ଷ

ସ
 is a solution with rational values for the unknowns. 

Diophantine equations are rich in variety. Two – variable Diophantine equation have been a subject to extensive 
research, and their theory constitutes one of the most beautiful, most elaborate part of mathematics, which nevertheless 
still keeps some of its secrets for the next generation of researchers. 
 In this paper, we investigate positive integral solutions of the Diophantine equation ݓଶ − ଶݖ30 − ݓ8 −
ݖ180 = 270  which is transformed into a Pell’s equation and is solved by various methods. 
  

II. THE DIOPHANTINE EQUATION ࢝૛ − ૜૙ࢠ૛ − ૡ࢝− ૚ૡ૙ࢠ = ૛ૠ૙ 
 
In Consider the Diophantine equation  
ଶݓ:ܦ                                                              − ଶݖ30 − ݓ8 − ݖ180 = 270                                                              (1) 
to be solved over		ࢆ.  It is not easy to solve and find the nature and properties of the solutions of (1). So we apply a 

linear transformation ܦ to (1) to transfer to a simpler form for which we can determine the integral solutions. 

Let                                                                      ܶ: ൜ݓ = ݔ + ℎ
ݖ = ݕ + ݇                                                                                   (2) 

be the transformation where ℎ,݇ ∈  .ࢆ
Applying ܶ to ܦ, we get  
(ܦ)ܶ                                = :෩ܦ ݔ) + ℎ)ଶ − ݕ)30 + ݇)ଶ − ݔ)8 + ℎ)− ݕ)180 + ݇) = 270                                       (3) 
Equating the coefficients of ݔ and ݕ to zero, we get ℎ = 4 and ݇ = −3. Hence for ݓ = ݔ + 4 and ݖ = ݕ − 3,	we 

have the Diophantine equation   
ଶݔ		:෩ܦ                                                                         − ଶݕ30 = 16                                                                            (4) 
which is a Pell equation. Now we try to find all integer solutions		(ݔ௡  ෩ and then we can retransfer allܦ  ௡) ofݕ,

results from ܦ෩ to ܦ by using the inverse of ܶ. 
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Theorem 2.1: 
 Let ܦ෩ be the Diophantine equation in (4). Then  

(i) The continued fraction expansion of √30			 is  
√30 = [5; 2, 10തതതതതത] 

(ii) The fundamental solution of  ݔଶ − ଶݕ30 = 1 is (ݑଵ,ݒଵ) = (11, 2) 
(iii) For ݊ ≥ 4, 

௡ݑ = ௡ିଵݑ)23 − (௡ିଶݑ +  ௡ିଷݑ
௡ݒ = ௡ିଵݒ)23 − (௡ିଶݒ +  ௡ିଷݒ

Proof: 
(i) The continued fraction expansion of √30 	= 5 + ൫√30− 5൯ 

= 5 +
1
1

√30− 5

 

= 5 +
1

√30 + 5
5

 

								= 5 +
1

2 + √30− 5
5

 

								= 5 +
1

2 +
1
5

√30− 5

 

							= 5 +
1

2 + 1
√30 + 5

 

																					= 5 +
1

2 + 1
10 + ൫√30	 − 5൯

 

Therefore the continued fraction expansion of √30	 is  
[5; 2, 10തതതതതത] 

(ii) Note that by (3), if (ݑଵ,ݒଵ) = (11, 2) is the fundamental solution of ݔଶ − ଶݕ30 = 1,  then the other 
solutions (ݑ௡ ଶݔ ௡) ofݒ, − ଶݕ30 = 1 can be  derived by using the equalities    

൫ݑ௡ + ൯	௡√30ݒ = ൫ݑଵ + ଵ൯ݒ	30√
௡
 for ݊ ≥ 2, in other words, 

൬
௡ݑ
௡ݒ
൰ = ൬ݑଵ ଵݒ30

2 ଵݑ
൰
௡
൬

1
0
൰ 

For ݊ ≥ 2.	Therefore it can be shown by induction on ݊ that  
௡ݑ = ௡ିଵݑ)23 − (௡ିଶݑ +  ௡ିଷݑ

and also  
௡ݒ = ௡ିଵݒ)23 − (௡ିଶݒ +  ௡ିଷݒ

for ݊ ≥ 4. 
Now we consider the problem  

ଶݔ − ଶݕ30 = 16 
Note that we denote the integer solutions of  ݔଶ − ଶݕ30 = 16 by (ݔ௡  ௡), and denote the integer solutions ofݕ,

ଶݔ − ଶݕ30 = 1 by		(ݑ௡  .௡). Then we have the following theoremݒ,
 
 
 
 

http://www.ijirset.com


 
          
          ISSN(Online): 2319-8753 

           ISSN (Print):   2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor & UGC Approved Journal) 

Website: www.ijirset.com 

Vol. 6, Issue 9, September 2017 
 

Copyright to IJIRSET                                                             DOI:10.15680/IJIRSET.2017.0609122                                          18353 

                   

Theorem 2.2: 
 Define a sequence {(ݔ௡  ௡)} of positive integers byݕ,

(ଵݕ,ଵݔ) = (44, 8) 
and                                                           		ݔ௡ = ௡ିଵݑ44 +  ௡ିଵݒ240

௡ݕ = ௡ିଵݑ8 +  ,௡ିଵݒ44
where {(ݑ௡ ଶݔ ௡)} is a sequence of positive solutions ofݒ, − ଶݕ30 = 1.	Then 

௡ݔ) (1) ଶݔ ௡) is a solution ofݕ, − ଶݕ30 = 16	 for any integer ݊ ≥ 1. 
(2) For ݊ ≥ 2, 

௡ାଵݔ = ௡ݔ11 +  ௡ݕ60
௡ାଵݕ = ௡ݔ2 +  .௡ݕ11

(3) For ݊ ≥ 4 
௡ݔ = ௡ିଵݔ)23 − (௡ିଶݔ +  ௡ିଷݔ
௡ݕ = ௡ିଵݕ)23 − (௡ିଶݕ +  ௡ିଷݕ

Proof: 
(1) It is easily seen that  

(ଵݕ,ଵݔ) = (44, 8) 
is a solution of ݔଶ − ଶݕ30 = 16 since  

ଵଶݔ − ଵଶݕ30 = (44)ଶ − 30(8)ଶ 
                                                                               = 16(11ଶ − 30(2ଶ)) 

	= 16(1) 
                                                                               = 16  
Note that by definition, (ݑ௡ିଵ,ݒ௡ିଵ) is a solution of ݔଶ − ଶݕ30 = 1, that is, 
௡ିଵଶݑ                                                                         − ௡ିଵଶݒ30 = 1.                                                                           (7) 
Also we see as above that (ݔଵ,ݕଵ) is a solution of ݔଶ − ଶݕ30 = 16,	 that is, 
ଵଶݔ                                                                          − ଵଶݕ30 = 16.                                                                                (8) 
Applying  (7) and (8), we get 

௡ଶݔ − ௡ଶݕ30 = ௡ିଵݑ44) + ௡ିଵ)ଶݒ240 − ௡ିଵݑ8)30 +  ௡ିଵ)ଶݒ44
                  = ௡ିଵଶݑ (2ସ)− ௡ିଵଶݒ (2ସ(30)) 
                  = 	2ସ(ݑ௡ିଵଶ − ௡ିଵଶݒ30 ) 
                  = 2ସ	 
Therefore (ݔ௡ ଶݔ ௡) is a solution ofݕ,	 − ଶݕ	30 = 2ସ. 

(2) Recall that  
௡ାଵݔ + ݀√௡ାଵݕ 	= ൫ݑଵ + ௡ݔ)൯	ଵ√݀ݒ +    (	݀√௡ݕ
Therefore  
௡ାଵݔ = ௡ݔଵݑ + ௡ାଵݕ          ௡݀    andݕଵݒ = ௡ݔଵݒ +  ௡ݕଵݑ
So                                   ݔ௡ାଵ = ௡ݔ11 + ௡ାଵݕ          ௡      andݕ60 = ௡ݔ2 +  (*)                                                     ௡ݕ11
Since ݑଵ = 11 and ݒଵ = 2. 

(3) Applying the equalities  
௡ݔ = 2ଶ(11)ݑ௡ିଵ + 2ଷ(30)ݒ௡ିଵ  and    ݔ௡ାଵ = ௡ݔ11 +  ௡ݕ60
We find by induction on ݊ that  
௡ݔ	                                                                    = ௡ିଵݔ)23 − (௡ିଶݔ +  ௡ିଷݔ
for ݊ ≥ 4. Similarly it can be shown that  
௡ݕ                                                                     = ௡ିଵݕ)23 − (௡ିଶݕ +  .௡ିଷݕ
   
Corollary 2.3: 
       The base of the transformation ܶ in (2) is the fundamental solution of ܦ෩, that is  ܶ[ℎ;݇] = {ℎ,݇} =   .{ଵݕ,ଵݔ}
Proof:  We proved that (ݔଵ,ݕଵ) = (44,8) is the fundamental solution of ܦ෩. Also we showed that ℎ = 4 and ݇ = −3. 

So the base of ܶ is ܶ[ℎ,݇] = {4,−3} as we claimed. We saw as above that the Diophantine equation ܦ could be 
transformed into the Diophantine equation ܦ෩ via the transformation ܶ. Also we showed that ݓ = ݔ + 4 and ݖ = ݕ − 3. 
So we can retransfer all results from ܦ෩ to ܦ by using the inverse of ܶ.	Thus we can give the following main theorem 
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Theorem 2.4: 
 Let ܦ be the Diophantine equation in (1), Then 

(i) The fundamental solution of ܦ is (ݓଵ, (ଵݖ = (48, 5). 
(ii) Define the sequence {(ݓଵ , ଵ)}௡ஹଵݖ = ଵݔ)} + ଵݕ,4 − 3)}, where {(ݔ௡  .(*) ௡)} defined inݕ,

                 Then (ݓ௡ , ௡ݓ) So it has infinitely many solutions .ܦ ௡) is a solution ofݖ (௡ݖ, ∈ ࢆ ×  .ࢆ
(iii) The solution (ݓ௡ ,   ௡) satisfyݖ

௡ݓ = ௡ିଵݓ11 + ௡ିଵݖ60 + 140 
௡ݖ = ௡ିଵݓ2 + ௡ିଵݖ11 + 22 

(iv) The solutions (ݓ௡ ,  ௡) satisfy the recurrence relationsݖ
௡ݓ = ௡ିଵݓ)23 − (௡ିଶݓ  ௡ିଷݓ+
௡ݖ = ௡ିଵݖ)23 − (௡ିଶݖ +  ௡ିଷݖ

Proof: 
(i) It is easily seen that (ݓଵ, (ଵݖ = (48, 5) is the fundamental solution of ܦ	since 48ଶ − 30(5)ଶ − 8(48)−

180(5) − 270 = 0. 
(ii) We prove it by induction. Let 		݊ = 1 . Then  (ݓଵ , (ଵݖ = ଵݔ) + ଵݕ,4 − 3) = (48, 5)  which is the 

fundamental solution and so is a solution of  ܦ. Let us assume that the Diophantine equation in (1) is 
satisfied for ݊ − 1,  that is, ௡ିଵݔ)	 + 4)ଶ − ௡ିଵଶݕ)30 − 3)− ௡ିଵݔ)8 + 4)− ௡ିଵݕ)180 − 3) − 270 = 0 .  
We want to show that this equation is also satisfied for  ݊.   

ଶݓ		                − ଶݖ30 − ݓ8 − ݖ180 − 270 = ௡ݔ) + 4)ଶ − ௡ݕ)30 − 3)ଶ − ௡ݔ)8 + 4)− ௡ݕ)180 − 3)− 270 
                                                                      = ௡ଶݔ − ௡ଶݕ30 − 16 
                                                             = ௡ݔ )                                                 0 	and ݕ௡ solutions of ܦ෩). 
So (ݓ௡ , (௡ݖ = ௡ݔ) + ௡ݕ,4 − 3) is also a solution ܦ. 

(iii) From (*)      ݔ௡ = ௡ିଵݔ11 +   .௡ିଵݕ60
 

Adding 4 on both sides,  
௡ݔ   + 4 = ௡ିଵݔ11 + ௡ିଵݕ60 + 4 
We know that          ݓ௡ିଵ = ௡ିଵݔ + 4     and         ݖ௡ିଵ = ௡ିଵݕ − 3  
Therefore, ݔ௡ିଵ = ௡ିଵݓ − 4  and ݕ௡ିଵ = ௡ିଵݖ + 3 

௡ݔ + 4 = ௡ିଵݔ11 + ௡ିଵݕ60 + 4 
௡ݓ)								                                                − 4) + 4 = ௡ିଵݓ)11 − 4) + ௡ିଵݖ)60 + 3) + 4 
We get,                                                   ݓ௡ = ௡ିଵݓ11 + ௡ିଵݖ60 + 140                                                                   (9) 
Similarly,                                                ݖ௡ = ௡ିଵݓ2 + ௡ିଵݖ11 + 22                                                                     (10) 

(iv) We prove that ݔ௡ satisfy the recurrence relation. For ݊ = 4, we get ݓଵ = ଶݓ ,48 = 968,	 
ଷݓ = ସݓ 	,21168 = 464648. Hence  

ସݓ = ଷݓ)23 (ଶݓ−  ଵݓ+
                                                                           = 23(21168 − 968) + 48 
So  ݓସ = ଷݓ)23 − (ଶݓ + ଵݓ  is satisfied for  ݊ = 4.  Let us assume that this relation is satisfied for ݊ − 1, that  is, 
௡ିଵݓ	                                                                       = ௡ିଶݓ)23 − (௡ିଷݓ  ௡ିସ                                                    (11)ݓ+
Then applying the previous assertion, (9) and (11), we conclude that  ݓ௡ = ௡ିଵݓ)23 (௡ିଶݓ−  ௡ିଷݓ+
for ݊ ≥ 4. 
Now   prove that ݕ௡ satisfy the recurrence relation. For ݊ = 4, we get ݖଵ = ଶݖ ,5 = 173, ଷݖ = ସݖ 	,3861 = 84829 .  

Hence  
ସݖ = ଷݖ)23 − (ଶݖ +  ଵݖ

                                                                            = 23(3861 − 173) + 5 
So ݖ௡ = ௡ିଵݖ)23 + −(௡ିଶݖ ݊  ௡ିଷ is satisfied forݖ = 4.  Let us assume that this relation is satisfied for ݊ − 1, that  

is, 
௡ିଵݖ                                                                       = ௡ିଶݖ)23 − (௡ିଷݖ +  ௡ିସ                               (12)ݖ
Then applying the previous assertion, (10) and (12), we conclude that ݖ௡ = ௡ିଵݖ)23 − (௡ିଶݖ + ݊ ௡ିଷ, forݖ ≥ 4. 
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III.  CONCLUSION  
 
Diophantine equations are rich in variety. There is no universal method for finding all possible solution (if it exists) 

for Diophantine equations. The methods look to be simple but it is very difficult for reaching the solutions. 
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